
Week 8
Ex 5*5

Problem 1 : Let V be a vector space and TELCV )
.

is a collection of invariant subspacesSuppose { Vita
a. v , is a T . inlvariantsubspace ofV.of V

.

Prove that

Soft : Recall that a subspace V of V is said to be T - invar
.

if TUEV V. UEV .

Pick ue :A±Vi Then UEV ; HIEI
.

Since Vi is Timar
,

TUEVI
.

This is true for all ieI
.

Therefore Tu EiI±Vi and hence .,?±Vi is T - invar
,

Ee5Ao " Problem 2 Suppose TELCU ) and 7- nonzero v. WEV sit ,

Tv =3 w and Tw =3 ✓

Prove that 3 or -3 is an eigen value of T

Sol
"

Note that Tcvtw )=TveTw=3w+3v =3 ( vtw )

Recall that TEE is an eigenvalue of T if I NON - ZERO

vector v.EV st
,TVFXV

.
.

Hence 3 is an eigen value if

Vew to
.

However
,

if VtW=o then V - w=(Vtwl -2W = -2W to

since Wto and Ho
.

Therefore

TCV - w ) = Tv - TW = 3W - 3v =
- 3( v - w )

and -3 is an eigenvalue of T
.



Ex5BQ8
-Problem } Give

anexample of TELUR ' ) sit .

-14=1 .

Soft Note that x4H = GE-52×+171×452×+1 )
.

It suffices to find TELCR
' ) such that T ?ETtI=To

the zero transformation
.

We may generalize the problem into :

Suppose

ffei
,

' ' '

, en } is abasis of a v. sp .

V and

pcx ) = xntan
.

,x←'t
. .  . + a. is a polynomial over IF

.

Then there exists a linear
map

TGLN ) st .

PCT) = To

Pf : Define T :V→V by Tei=ei+ , for in
,

. .int and

Ten = It
,

. ai.ie ;
- ( * )

We check that PCT ) = Tnt an Tnii.
.

. + aoIv=To
i

Notte
,

=ei+ , for it
,

...

,
n - 1

.

Therefore ( * ) ⇒ TH"e ,
) = Eh -airline

.

⇒ The
, tied a ;

Tie
,

=o

⇒ PCT ) e ,
=o

Now pt )ei= pH ) The
,

=T"
'

pate ,
=o

Therefore by uniqueness PCT) = To
weave

mtmfo;:p;;ifiEaLpld±tmpY¥
' "'t

For the original problem ,
we may take the linear transformation

T defined by T( 1,01=6,1 ) and T( o
,

c) =F( all - Cio )

Note # MCT ,p ) - ( P ⇒

YA
Check directly that A 4+1=0



ssffiefbaers Problem 4 Let  

T be a linear operator on a fin
.

dim
. v. sp ✓

and W is  a T - invar
. subspace of V. Suppose that

Vii '  '  ' SVAEV are eigenvectors  of  T Corr
.

to distinct eigenualues
X

, ,

.
. ;7nHF

. Suppose further that ✓ it .
.  . th EW

.

Show that
view ti

.

SOF Use MI
.

The case n=l is tautology ( view ⇒ view )
.

Assume case h=k is true for some + ve integer K
.

For the case n=kH
,

not'e that  Tb ,
t.i.tn )= hint .  - .

t\nVFW

since W is T . invar . Also An ( v. + . .  . tvn ) EW

and ( T - INI ) ( vit .
.  . tvn ) =H, -7in )v ,

to .  . + Hn. ,
-7N )vn

. ,
EW

Since Xi - fn €0 for it
,

. . ;n - I ( Xian )vi  to and

1- ( k; -7DVi)=Hi -4) Tvi  = % ( a ;
 . Hui .

'

.
H; .tn )vi is an  eigenvector  of -1

and distinct for i. i. .
'

int
. By induction hypothesis

(hi -TDVIEW Since kiln to i. view for it
,

... ,n -1

.

'

. vi. v. + .  . + Un . ,
EW

.

'

,
VNEW

.



Friedberg Problems If T is a

diagonalizable
linear operator on a finite - dimensional

5554024 vector space and W is a nontrivial T - invar
. subsnacelot V

, prove
That Tlwis a diagonal liablelinear operator on W

Sol
"

Since T is diagonal izable
,

if Xi .  - ton are  
all

eigen value

then V= EA , ,T ) to .  . . QECIN
,

T ) - (* )
We claim that W . 0¥

,

( Ebi
,

TIAW ) Note Eai
,

THW
t In EAI

,
Tlw) is  a direct sum

( =EAi
, TIW )

.

)
Since ZEAi,T ) is a direct sum

t.tv:EEC .fi,
THW sit

,

Ennui -8 then vi. otti
E. EAi.TW ) s a direct sum

.

t E. ECI

,Tlw)=W"

c

"

is clear
.

> Let we W By H ) I vie EAIT )

st , W = ,§,Vi EW If some vi=8 we may Ignore
them since these vibielongwalready .

Hence we may assume

the remaining vi  are  eigenvectors . By previousproblem ,
VIEW Hi

.
: vie EAI ,T ) AW ti

Note that if A is an eigen value of Tlw 7- VEWto st . Tlwcrktv

This V is then  also  an  eigenvector  of T and his  also  an  eigenv . lue  of V

Therefore W= §
,

ECT ;
,

Tlw ) is a decomposition of

W into eigen spaces .

( some Efti
, Tlw ) may be the trivial

subspace )
.


